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Abstract

In this paper we investigate the relations between spanners, weak spanners, and power spanners in
RP for any dimension D and apply our results to topology control in wireless networks. For ¢ € R,
a c-spanner is a subgraph of the complete Euclidean graph satisfying the condition that between any
two vertices there exists a path of length at most c-times their Euclidean distance. Based on this ability
to approximate the complete Euclidean graph, sparse spanners have found many applications, e.g., in
FPTAS, geometric searching, and radio networks. In aweak c-spanner, this path may be arbitrarily long,
but must remain within a disk or sphere of radius c-times the Euclidean distance between the vertices.
Finally in a c-power spanner, the total energy consumed on such a path, where the energy is given by the
sum of the squares of the edge lengths on this path, must be at most c-times the square of the Euclidean
distance of the direct edge or communication link.

While it is known that any c-spanner is also both a weak C-spanner and a Cs-power spanner for
appropriate C4, C> depending only on ¢ but not on the graph under consideration, we show that the
converseis not true: there exists afamily of ¢;-power spanners that are not weak C'-spanners and also a
family of weak c2-spanners that are not C'-spanners for any fixed C. However amain result of this paper
reveals that any weak c-spanner is also a C-power spanner for an appropriate constant C'.

We further generalize the latter notion by considering (c, §)-power spanners where the sum of the
d-th powers of the lengths has to be bounded; so (¢, 2)-power spanners coincide with the usual power
spanners and (c, 1)-power spanners are classical spanners. Interestingly, these (¢, d)-power spanners
form astrict hierarchy where the above results still hold for any § > D; some even hold for 6 > 1 while
counter-examples exist for ¢ < D. We show that every self-similar curve of fractal dimension Dy > §
isnot a (C, ¢)-power spanner for any fixed C, in general.

Finally, we consider the sparsified Yao-graph (SparsY-graph or YY) that is a well-known sparse
topology for wireless networks. We prove that all SparsY-graphs are weak c-spanners for a constant ¢
and hence they allow us to approximate energy-optimal wireless networks by a constant factor.

1 Introduction

Geometric spanners were first introduced to computational geometry by Chew [3]. Peleg and Schaffer
introduced them in the context of distributed computing [17]. They have applications in motion planning
[4], they were used for approximating the minimum spanning tree [27], and for a fully polynomial time
approximation scheme for the traveling salesman and related problems[2, 19]. A good survey of spanning
trees and spannersis given by Eppsteinin [7].

*A preliminary version of the results in this paper appeared in Proc. of the 15th Annual International Symposium on Algorithms
and Computation (ISAAC '04) [21]. The applications extend some of the results presented in Proc. of the 8th Annual European
Conference on Parallel Processing (Euro-Par '02) [10].

**Partially supported by the DFG-Sonderforschungsbereich 376 and by the EU within 6th Framework Programme under contract
001907 “Dynamically Evolving, Large Scale Information Systems® (DELIS).



Roughly speaking, they approximate the complete Euclidean graph on a set of geometric verticeswhile
having only linearly many edges. The formal condition for a c-spanner G = (V, E) with V. c RP is
that between any two u, v € V, the edge (u,v) may be absent provided there exists a path in G from u
to v of length at most c-times the Euclidean distance between v and v, see Figure 1(a). In particular, this
path remains within a circle around « of radius c. For applications in geometric searching [8, 9] and for
optimizing routing time in wireless networks [10, 16], it has turned out that graphs with the latter, weaker
condition suffice, see Figure 1(b). Several constructions yield both spanners [9] and weak spanners [8]
with arbitrarily describable approximation ratio. Among them, some furthermore benefit from nice locality
properties which led to successful applicationsin ad-hoc routing networks[10, 15, 25, 26].

However in order to restrict the power consumption during such a communication (which for physical
reasons grows quadratically with the Euclidean length of each link), one is interested in routing paths,
say between u and v, whose sum of squares of lengths of the individual steps is bounded by c-times
the sgquare of the Euclidean distance between » and v, see Figure 1(c). Such graphs are known as c-
power spanners [10-15, 18]. Finally, when power consumption is of minor interest but the routing time
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Figure 1. Spanner, Weak Spanner and Power Spanner for D = 2

is dominated by the number of individual steps, sparse graphs are desired which between any vertices u
and v provides a path containing at most ¢ further vertices. These are the so-called c-hop spanners [1].
In this paper, we investigate the rel ations between these various types of spanners and apply our results to
topology control in wireless networks.

Observe that any strongly connected finite geometric graph is a C'-spanner for some value C. For this,
e.g., consider for any pair u, v of vertices some path from « to v and the ratio of its length to the distance
between v and v. Then taking for C' the maximum over the (finitely many) pairs u, v will give the value
C. Therefore the question on the relation between spanners and weak spanners rather asks whether any
weak c-spanner is a C-spanner for some value C' depending only on ¢. Based on a construction from [6],
we answer thisto the negative. For some weak c-spannersit is proved that they are also C-power spanners
for some value C' [10, 11] using involved constructions. One major contribution of our work generalizes
and simplifies such results by showing that in R” in fact any weak c-spanner is a C-power spanner with
C = O(c*P). Moreover, we investigate the notion of a (¢, §)-power spanner [10] which

— foro =1 coincideswith c-spanners

— foro =2 coincideswith (usual) c-power spanners

— foro = 0 coincideswith c-hop spanners, i.e. graphswith diameter ¢

— ford > 2 reflects transmission properties of radio networks (e.g., for  up to 6 or even 8 [20]) .

We show that these form a strict hierarchy: For A > 6 > 0, any (¢, d)-power spanner is also a (C, A)-
power spanner with C' depending only on ¢ and A /§; whereaswe give examples of (C', A)-power spanners
that are not (c, d)-power spanner for any fixed ¢. Our main contribution is that any weak c-spanner is also
a (C, d)-power spanner for arbitrary § > D with C' depending on ¢, D and ¢ only. We finally show that
this claim is best possible by presenting, for arbitrary § < D, wesk c-spannerswhich are not (C, §)-power
spanner for any fixed C'.

The remainder of this paper is organized as follows: In Section 2, we present preliminaries concerning
geometric spanners and define the different types of spanners under consideration. In Section 3, we show



that, while any c-spanner is also aweak c-spanner, aweak c-spanner is, in general, not a C-spanner for any
C depending just on ¢. Section 4 similarly reveals the relations between spanners and power spanners. In
the main Section 5 of the thiswork, weinvestigate the rel ation between weak spanners and power spanners.
Theorem 5.1 gives an example of a power spanner which is not a weak spanner. Our major contributions
then prove that, surprisingly, any weak c-spanner is also a C'-power spanner with C' depending only on
c. For different values of ¢, we obtain different upper boundsto C' in terms of ¢: For § = D, we show
C < O(c*P), see Theorem 5.6; for 6 > D, we have C < O (cP*9/(1 — 2P~?)), see Theorem 5.5.
However for 6 < D, we present counter-examples of unbounded C, that is, in this case provably not any
wesk c-spanner is a (C, §)-power spanner. Furthermore, we generalize our construction and analysis to
self-similar fractal curves. Section 6 finaly shows that for different 4, the respective classes of (c,d)-
power spanners form a strict hierarchy. In Section 7, we present applications of our results concerning
power-efficient wireless networks, before we conclude this work in Section 8.

2 Geometric Spanners

We model wireless networks using geometric graphs. A geometric graph G = (V, E)) consists of a set
of vertices (or nodes) V- c RP for D € N and a set of edges (or links) E. We define the size of G
as the number of nodes contained in G denoted by |V|. For al u,v € V, let (u,v) denote a directed
edge from « to v, and {u, v} denote an undirected edge connecting v and v. We cal G undirected if
E C {{u,v} |u,v € V}, and directed if E C {(u,v) | u,v € V}. Foral u,v € V let |u — v| be defined

as the Euclidean distance between « and v, thisis, for completeness, Zle (u; — v;)2. A finite sequence
P = (u=wuj,us,...,up =v)of nodesu; € V suchthat (u;_1,u;) € Eforalie {2,...,¢}iscaled
a path from u to v in G. Occasionaly, we also encounter the more general situation of a path from « to
v that is not necessarily in G. This meansthat u; € V dtill holds, but the requirement (u,—1,u;) € E'is
dropped. Theradius of P istherea number max;—1, ¢ |u — u;|. The (Euclidean) length of Pis given by
Zfzz |u; — u;—1]. Thenthehoplengthis ¢ — 1 and for & > 0 we define the ¢-cost of a path P by
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The length is just the 1-cost whereas the hop length coincides with the 0-cost. The §-cost for § > 2
reflects the transmission properties of radio networks. In this case § is also called the propagation exponent
[20]. The graph G is called connected if for every pair of nodeswu, v € V, thereisapathin G from u to v.
If {u,v} € E thenu iscalled aneighbor of v. The number of neighborsof v givesthe degree of v denoted
by deg(v). The degree of G is defined as deg(G) := max, v deg(v). For directed graphs, we define the
number of edges ending at a node v the in-degree of v, and the number of edges leaving v the out-degree
of v.

Definition 2.1 Let G = (V, E) be a geometric directed graph with finite V. c R? and ¢ > 0. G isa
c-spanner, if for all u,v € V thereisa path P fromu to v in G of length || P||* at most ¢ - |u — v|. G is
aweak c-spanner, if for all u,v € V thereisapath P fromu to v in G of radius at most ¢ - |u — v|. For
§ >0, Gisa(c,d)-power spanner if for all u,v € V thereis a path P from« to v in G of §-cost || P||?
atmost ¢ - [u — v|?. G isa c-power spanner, if G isa (c, 2)-power spanner. The factor c is called length
stretch factor, weak stretch factor or power stretch factor, respectively.

Informally (see Figure 1), in a c-spanner there exists between two arbitrary vertices a path of length at most
c-times the Euclidean distance between these vertices (bounded length). In aweak c-spanner, this path may
be arbitrary long but must remain within adisk or sphere of radius c-times the Euclidean distance between
the vertices (bounded radius). Finally in a c-power spanner, the energy consumed on such a path (e.g., the
sum of the squares of the lengths of its constituting edges) must be at most ¢-times the one consumed on a
putative direct link (bounded cost).



Later on, we shorten the notion of spanner, weak spanner and power spanner and omit constant param-
eters. Furthermore, we concentrate on families of graphs. A family of graphs

G = {G, | G, isageometric graph for n € N}

fulfills agiven property if and only if GG, fulfills this property for all n € N. If it is clear to which family a
graph belongs, we say that this graph fulfills a property if and only if its family fulfills the same property.
For example, if we say that a family of graphsis a spanner, then there exists a constant ¢ such that all its
members are c-spanners.

The attentive reader might have observed that our Definition 2.1 does not exactly match that from [10].
The latter required that the §-cost of some path P from « to v in GG is bounded by c-times the §-cost
of any path @) (not necessarily in GG) from u to v. However, both approaches are in fact equivalent: let
G = (V,E) bea(c,)-power spanner, u,v € V, and let ) denote somepath @ = (u = uq,...,upy = v)
(not necessarily in ) from v to v of minimum §-cost. For eachi = 2, ..., ¢ there exists by presumption a
path P; in G fromu; _; tou; of §-cost at most ¢ - |u; — u;_1|°. The concatenation of all these paths yields
apath P fromw to v in G with é-cost || P||? at most ¢ - | Q||°.

3 Spannersversus Weak Spanners

Every c-spanner is also aweak c-spanner. Our first result shows that the converseis not true, in general.
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Figure 2: EPPSTEIN’ s construction: afractal curve with high dilation (not a spanner but aweak spanner)

Theorem 3.1 Thereisa family of graphs G = (V, E) with V' c RP all of which are weak (v/3 + 1/2)-
spanners but not C-spannersfor any fixed C' € R.

Proof: We show the claim using the fractal construction presented in [6] (see Figure 2). We briefly review
its recursive definition which is similar to that of a KocH Curve. At the beginning, there are two vertices
with distance 1. In the following steps we replace each edge by 5 new edges of equal length as follows:
one horizontal, one at angle 7/4, a second horizontal, another one at angle —r/4 and a third horizontal.
After i steps we have a graph consisting of 5° edges and 5% + 1 vertices. As shown in [6] this graph has
unbounded length stretch factor. We argue that there exists a constant ¢ such that it is a weak c-spanner.
It is known that the area under the constructed curve is bounded by a constant and that the path between
two verticesu, v € V' lies completely in adisk around the midpoint of the segment between « and v with
radius at most (2 - v/3/2) = v/3 (see KocH’s Snowflake, Figure 10). Applying Observation 1 proves the
clam. |

The following observation says that, except for constants, it makes no difference in the definition of a
weak spanner whether the radius is bounded with respect to center « (the starting one of the two points) or
with respect to center (u + v)/2 (the midpoint of the segment between the two points).

Observation1 Let P = (u = uy,...,us = v) bea path in the geometric graph G = (V, E') such that
lu—wu;| <e-lu—wv|foralli=1,...,¢ Thenw := (u + v)/2 satisfies by the triangle inequality

lw—w;| = Ju—u+@w—-u)/2] < Ju—w|+v—ul/2 < (c+%)~|u—v|.
Conversely if P has |w — u;| < ¢- |u — v| for al 7, then

lu—w| = |Jw—u+u—0)/2 < |Jw—wl+ju—v[/2 < (c+%)-|u—v|.



4 Spannersversus Power Spanners
Thefirst result of this section shows that, for § > 1, every c-spanner isaso a(c?, §)-power spanner.
Theorem 4.1 For § > 1, every c-spanner isalso a (¢, §)-power spanne.

Proof: LetG = (V, E) beac-spanner, u,v € V', and Popr = (u = uq, ua,...,us, = v) bean optimal path
fromw to v concerning the ¢-cost (not necessarily in G). Since G isac-spanner, for each edge (u ;, u;41) ONn
thepathpgp'r, therE|Sapath P, = (u7 = W1, W2, ...,Wp, = Ui+1) inG with ||Pz|| = 257:_11 |wj—wj+1| <
¢+ |u; —u;t1]. Now let P bethe concatenation of al these paths P; fori = 1,...,¢ — 1, then we get apath
P fromutowvin G with:
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However, conversely, for any 6 > 1, there are (¢, §)-power spanners which are not C-spanners for

any fixed C: this follows from Theorem 5.1 presented below, in Section 5, as any C-spanner is a weak
C-spanner as well.

5 Weak Spannersversus Power Spanners

Now we turn to the main contribution of thiswork and present our results concerning the relation between
weak spanners and power spanners. Surprisingly, it turns out that any weak c-spanner is also a C'-power
spanner for some C' depending only on ¢. But first observe that the converseis not true, in general:

Theorem 5.1 Intheplane (alsoinR?) andfor any § > 1, thereisafamily of (c, §)-power spannerswhich
are not weak C-spannersfor any fixed C'.

Proof: LetV := {u = vy,...,v, = v} beaset of n vertices placed on a circle scaled such that the
Euclidean distance between v andvisland |v; — v;1| = 1/i forali=1,...,n — 1. Now consider the
graph G = (V, E) with edges (v;, v;+1). First observethat G isa (¢, 6)-power spanner with ¢ independent
of n. Indeed, its §-power stretch factor is dominated by the §-cost of the (unique) path P in G from u to v
which amountsto

n—1 00
1Pl = Yot < Y /) = e
i=1 =1
a convergent series since 6 > 1. Thisis compared to the cost of the direct link from « to v of 1. On the
other hand, the Euclidean length (the 1-cost) of the polygonal chain from w« to v is given by the unbounded
harmonic series Z:’;ll(l /i) = ©(logn). Therefore the radius of this polygonal chain also cannot be
bounded by any C' independent of n, either. |
Subsequently, we show that, conversely, any wesk c-spanner isa (C, &)-power spanner for both § > D
(Subsection 5.1) and § = D (Subsection 5.2) with C' depending only on ¢, D and §. A counter-examplein
Subsection 5.3 revealsthat this, however, does not hold for § < D.

5.1 Weak Spannersare Power Spannersfor 6 > D

In this subsection, we show that any wesk c-spanner isaso a (C, §)-power spanner for any § > D with C'

depending only on ¢, D and 6. By definition between vertices u, v, there exists apath P in G from u to v

that remainswithin adisk or sphere around v of radius ¢ - |u — v|. However on the course of this path, two

of its verticesu’ and v" might come very close so that P, considered as a subgraph of G, in general, is not
aweak c-spanner. On the other hand, G being aweak c-spanner, there also exists apath P’ of small radius
between «/ and v’. Based on such repeated applications of the weak spanner property, we first assert the
existence of a path which, considered as a subgraph of G, is aweak 2¢-spanner.



Definition 5.2 Let G = (V, E)) beadirected geometricgraphand ey := (u1,v1), e2 := (ug, v2) two of its
edges. By their distance we mean the number

min {|u1 — ugl, [v1 — vo|, [ur — val, [v1 — ugl} |

that is, the Euclidean distance of the closest pair of their vertices (see Figure 3(b)).

[ug — uj| > ‘1/2
\

! 20 ! ! 2c
(&) Improving paths (b) Edge distance (c) Counting edges

Figure 3: Construction of a path with low power stretch factor in a weak spanner for D = 2

Lemma5.3 Let G = (V, E) be aweak c-spanner and u, v € V. Then thereisa path P fromu tovin G
which, as a subgraph of G, is a weak 2¢-spanner.

Proof: We consider a path P from « to v in G that fulfills the weak spanner property and modify this
path step by step until the required property is guaranteed. The ideais to locally replace each part of P
connecting vertices«’ and v’ that violates the weak spanner property in G(P) by apath from ' to v’ in G.
However for these iterated improvementsto eventually terminate, we perform them in decreasing order of
the lengths of the edgesinvolved.

W.l.0.g. weassume |u—v| = 1. Since G isaweak c-spanner, thereexistsapath P = (u = uq, ..., us =
v) fromu tov in G that lies completely within adisk or sphere around « of radiusc. In particular, any edge
on this path has alength of at most 2¢, see Figure 3(a).

Now consider all edges on this path of length between ¢ and 2¢. For any pair ¢; = (u;,u;+1) and
ez = (uj,u;jp1) With j > i closer than 3 (Definition 5.2), w.l.o.g. let u; and u; be the closest pair of
their vertices, replace the path from w; to u; with a path according to the weak spanner property. This
improvement is applied to vertices of distance at most % so this sub-path remains within a disk or sphere
of radius ¢/2; in particular, any edgeintroduced to P haslength at most ¢ and thus does not affect the edges
of length between ¢ and 2c¢ currently considered. Moreover, after having performed such improvementsto
all edges of length between ¢ and 2¢, the modified path P hasradius ¢ + ¢/2, athough it might now leave
the disk around « of radius c.

Next, we apply the same process to edges of length between ¢ and ¢/2 and perform improvements on
those closer than 1. The path P thus obtained remains within a disk or sphere of radius ¢ + ¢/2 + ¢/4
while, for any pair of verticesu’ and v improved in the previous phase, the sub-path between them might
increaseinradiusfromc - |u’ — v’| toat most (¢ + ¢/2) - |u/ — V'|.

As G is a finite graph, repeating this process for edges of length between ¢/2 and ¢/4 and so on,
will eventually terminate and yield a path P from « to v remaining within a disk or sphere of radius

c+c¢/24+c¢/4+ ... = 2c. Moreover, for any pair of verticesu’, v’ in P, the sub-path between them has
radiusat most (¢ + ¢/2 +¢/4+ ...) - |u’ — v'| which provesthat P isindeed aweak 2¢-spanner. [ |
Lemmab54 Let P = (uy,...,u,) beaweak 2c-spanner, u; € RP, |u; — ue| = 1. Then P contains at

most (8¢ + 1)P edges of length greater than ¢; more generally, P containsat most (8¢ + 1) P - (2P)* edges
of length greater than c¢/2*.



xD/2

Proof: Letkp := It then kp7? isthe volume of a D-dimensional sphere of radiusr. Consider two
edges (u;, u;+1) and (uj,u;41) on P both of length at least ¢ with j > . P being a weak 2c-spanner
implies that, between vertices u; and u;, the sub-path in P from u; to u; (which is unique and passes
through w;41), satisfies ¢ < |u; — uip1| < 2¢- |u; — uj|; hence, |u; — u;| > 1 see Figure 3(c). In
particular, placing an Euclidean disk or sphere B; of radius i around each starting vertex u; of an edge of
length at least ¢ resultsin these disks being mutually digjoint. If m denotes the number of edges of length at
least ¢, these disks thus cover atotal areaof mkp(5)?. Onthe other hand, asall u; liewithin asingle disk
or sphere around «; of radius 2¢, al disks B; together cover an area of at most kp(2¢ + %)D. Therefore,

kD(QC + i)D

- kp(9)P Be+1)P.
4

For edges (u;, ;1) and (u;,u;+1) on P longer than ¢/2%, one similarly obtains |u; — u;| > 27%~1
o that, here, Euclidean disks or spheres of radius 2 ~*~2 can be placed mutually disjoint within the total

area of kp(2c +27%72)P. [ |
Theorem 55 Let G = (V, E) be aweak c-spanner with V' ¢ RP. Then G isa (C, §)-power spanner for
(2¢)°

Proof: Fixu,v € V,w.l.0.9.|u—v| = 1. Inthefollowing we analyze the §-cost of the path P constructed
inLemma5.3for § = D + ¢. We consider all edges on this path and divide them into classes depending
on their lengths. According to Lemma 5.4, there are at most (8c + 1) P edges of length between ¢ and
2¢, each one inducing §-cost at most (2¢)?. More generaly, we have at most (8¢ + 1)? - (2P)* edges of
length between ¢/2* and 2¢/2* and the §-cost of any such edgeis at most (2¢/2*)°. Summing up over all
possible edges of P, thusyieldsatotal ¢-cost of P of at most

0o ¢ 4 o
|P|I° < Z(8c+1)7’-(27’)k-<%) = (8c+1)D'71£22)_6
k=0

5.2 Weak Spannersare Power Spannersfor 6 = D

The preceding subsection showed that, for fixed § > D, any weak c-spanner isaso a(C, J)-power spanner.
The present subsection yields the same for § = D, a case which, however, turns out to be much more
involved. Moreover, our bounds on C' in terms of ¢ and D become dlightly worse. In fact, the most
significant result of thiswork is the following:

Theorem 5.6 Let G = (V, E) be aweak c-spanner with V- ¢ R?. Then G isa (C, D)-power spanner for
C = 0O(c*P).

Proof: First recall that between verticesu, v € V thereisapath P in G from « to v which remainsinside
asquare or (D-dimensional) cube of length ¢ := 2¢ - |u — v| and center ». We denote such a square or cube
by S.(¢). By s we denote the starting point of the path and by ¢ the end (target) point. We denote by V' (P)
the vertex set of apath and by E(P) the edge set of a path.

We give a constructive proof of the Theorem, i.e. given apath in G obeying the weak spanner property
we construct a path which obeysthe (O(c*?), D)-power spanner property. For this we iteratively apply a
procedure called clean-up to a path, yielding paths with smaller and smaller costs.

Besides the path P in G this procedure has parameters L, d, D € RT. Hereby, L denotes the edge
length of a square or cube with central point s containing the whole path. The parameters d, D are in
therange 0 < 3(2¢vD +3 + 2)d < D < L and can be chosen arbitrarily, yet fulfilling D/d € N and
L/D € N. These parameters define two edge-parallel (D-dimensional) grids G ; and G, of grid sized and
D such that boundaries of G, are also edges of G;. These grids fill out the square or cube S, (L), while
the boundary edge of S, (L) coincides with the boundary of G ; and G, see Figure 4. The outcome of the



Figure 4: |dea and most important parameters for the proof of Theorem 5.6 for D = 2

procedure clean-up isapath P’ = clean-up(P, L, d, D) which reduces the cost of the path while obeying
other constraints, as we show shortly.

In Figure 6 we describe the procedure clean-up which uses the procedure contract described in Fig-
ure5. Let D(A) denote the diameter of the area or volume A.

Lemmab5.7 Let P = (v1,...,v,) and P’ = contract(P,A) = (v1,...,0i—1,0; = W1,..., W =
Vj,Vjt1, -+, Um). Thenthefollowing properties are satisfied.

o Locality: Vu € {w1, ..., wg}: minpea |u —p| < c- D(A) andmaxpeca |u —p| < (c+1) - D(A).
e Continuity of long edges: Ve € E(P’) : le| > 2¢- D(A) = e € E(P).

Proof: The maximum distance between v; and v; isa most D(A). The replacement path (w1, ..., wy)
isinside adisk or sphere of radius ¢ - D(A). Hence for al vertices u of this replacement path we have
lu — v;| < eD(A) and therefore minpea |u — p| < |u — v;| < e¢D(A). From the triangle inequality it
follows

max |u —p| < D(A) + min|u — p| < D(A) + ¢D(A) = (¢c+ 1)D(A) .

pEA pEA

The second property follows from the fact that all new edgesinserted in P’ lie inside a disk or sphere
of radiuscD(A). m

Vi—1

Procedurecontract (P = (v1,...,v,) : pah, A : areq) |
begin P
Let v; bethefirst vertex of Pin A ; ;
Let v; bethelast vertex of P in A
Let P/ = (wy,...,wy) beapath between v; = w;
and v; = wy, satisfying the weak spanner property [
return (vi,...,0—1, Wi, ..., Wk, Vj41,---,Um)
end t

Figure 5: The contract procedure and an examplefor D = 2



Lemma5.8 For D > 3(2¢v/D + 3 + 2)d the procedure P’ =clean-up(P, L, d, D) satisfies the four
properties power efficiency, locality, empty space, and continuity of long edges.

1. Locality For all verticesu € V(P’) thereexistsv € V(P) such that
lu—v| < (VD+VD+2) -c-d.

2. Continuity of long edges For all edgese € E(P’) with |e| > 2¢v/D + 3ditholdse € E(P).
3. Power efficiency For all k > 2¢v/D + 3:

> le|P < kP dP #F(P,Gy) ,
e€E(P"):2c\/D+3d<|e|<kd

where #F (P, G ;) denotes the number of grid cells of G; where at least one vertex of P lies which
isthe end point of an edge of length at least 2¢+/D + 3d.

4. Empty space For all grid cells C of G p we have at least one G ;-sub-cell within C' without a vertex
of P’.

Proof: All cellsof G, are called sub-cellsin this proof for distinguishing them fromthe cellsof G p

Observe that the clean-up procedure uses only contract-operationsto change the path. As parameters
for this procedure we use either a grid sub-cell C' of edge length d and diameter D(C) = V/Dd or two
horizontally neighboring grid sub-cells Z and Z " with edgelengths d with diameter D(ZUZ’) = /D + 3d.

Further notethat in thefirst loop each sub-cell C of thegrid G ; will betreated by the contract-procedure
once. Thereason is that the contract procedures produce edges with lengths of at most 2¢ v/Dd, while each
sub-cell will lose all but two edges of P with minimum length greater than 2¢ /Dd. This also proves that
thefirst loop aways halts.

Now consider the second while-loop and concentrate on the part inside the loop before the contract-
operation takes place. Since in every sub-cell of C' we have avertex of P we can compute the ordering 7 ;
and Z! as described by the algorithm. The main observation is that until the first two neighboring sub-cells
Z and Z' from these sets are found, no two sub-cells Z and Z' from Z € {Z;};<; and Z' € {Z}},<; are
horizontally neighboring. Considering only points of P lying in these sub-cellsimpliesthat thereisat least
one empty sub-cell in C'.

The situation changes dlightly if we apply the contract-operation. Then an intermediate path will be
added and possibly some of the empty sub-cells will start to contain vertices of the path. However, only
sub-cellsin aEuclidean distance of ¢/ D + 3d from sub-cells Z and Z’ are affected by this operation. Now
consider asquareor cube @ (see Figure4) of (2¢v/D + 3+2)d x (2¢v/D + 3+ 2)d sub-cellsinthe middle
of C. Then at least two horizontally neighboring sub-cellswill not be influenced by this contract-operation
and thus remain empty.

One cannot completely neglect the influence of this operation to a neighboring grid cell of C'. How-
ever, since D > 3(2¢v/D + 3 + 2)d the inner square or cube () is not affected by contract-operation in
neighboring grid cells of C' because of the locality of the contract-operation.

This means if a cell C' was object to the second while-loop, then an empty sub-cell will be produced
which remains empty for the rest of the procedure. Hence, the second loop also terminates. We now check
the four required properties.

L ocality. After thefirst loop the locality is satisfied even within a distance of ¢v/Dd. For this, observe
that all treated cells contain end points of edges longer than 2¢ v/ Dd which cannot be produced by contract-
operationsin thisloop. Hence, if acell is object to the contract-operation it was occupied by avertex of P
from the beginning. Then from Lemmab5.7 it follows that for all new vertices on the path P there exists at
least one old vertex in distance c\/Dd after the first loop.

For the second loop we need to distinguish two cases. First, consider a cell C' where in the inner
square or cube an empty sub-cell exists. In this case this cell will never be treated by this second loop.
If new vertices are added to the path within this cell, then this will be caused by a contract-operationin a
neighboring cell and will be considered in the second case.



Now consider all cells with preoccupied inner squares or cubes (preoccupation refers to the outcome
of the first loop). These cells can be object to contract-operations of the second loop. However, they will
add only vertices to their own sub-cells or to the outer sub-cells of neighboring cells. So, new vertices
are added within a distance of ¢+/D + 3d of vertices in the path at the beginning of the second loop. As
we have seen above every such vertex is only ¢v/Dd away from an original vertex of a path. This givesa
locality of distance (vD + /D + 3)cd.

Procedureclean-up (P, L,d, D)
begin
while three edges exist in P longer than 2¢v/Dd starting or ending in the same cell of G 4
do
Let C' besuchacelinGy
P — contract(P, C)
od
whilethere existsacell in G p where at |east one vertex of P isin each of its G 4-sub-cells
do
Let C besuchacell of Gp
Let rank p(u) bethe position of avertex u in P
Sortal cells Zy, ..., Zpq)> of G4 in C according to min,e z,nv (p){rankp (u)}
Sortal cells 71, . .., Z{D/d)Q of G4 in C according to max e z7nv(p){rankp (u) }
11
while cell Z; isneither horizontally neighboring to one of thecells{Z1, ..., Z!}
nor cell Z! is horizontally neighboring to one of thecells{Z1, ..., Z;}
do
i—1+1
od
Let z and 2’ bethetwo neighboring cellsfrom {Z+, ..., Z;} and {Z], ..., Z!}
P « contract(P, z U z")
od
return P
end

Figure 6: The clean-up procedure

Continuity of long edges. Since the parameterized areas or volumes for the contract operation have a
maximum diameter of /D + 3d this property follows directly from Lemmab5.7.

Power efficiency. After thefirst loop the number of edges|onger than 2¢ /Dd isbounded by #F (P, G ),
becausein every occupied sub-cell at most two edges start or end and each edge hastwo end points. Clearly,
this number is an upper bound for edges longer than 2¢+/D + 3d. In the second loop no edges longer than
2¢v/D + 3d will be added. Thisdirectly implies the wanted bound.

Empty space. Aswe have aready pointed out the second loop always halts. Thereforethe empty space
property holds. |

Lemma5.9 Given a path P; with source s and target ¢ such that Vu € V/(P;) : |u — s| < L, where L =
c-|s —t|. Iteratively apply Py, = clean-up(P;, L, d;, D;) fori = 1,2,...where L; = Y%, D;, D; =
LY, d; = LB~ for § = 3(2¢v/D + 3+2). Then P,,, for m = max{1, [logs-1 (miny, yev [u—v|)/L]}
isa path connecting s to ¢ obeying the (O(c*P), D)-power spanner property.

Proof: For this proof we make use of the four properties of the clean-up procedure. First note that the
square or cube of edge length L ; containing al vertices of path P; can increase (see Figure 7). However we
can bound this effect by thelocality property, giving L ; 1 < L;+2(v/D++/D + 3)cd;, whered; = L-5°.
Since, 2(\/1_)+ VD +3)c <6cy/D+3+6=0forc>1,weget L,+1 < L; + D;. Hence, our choice of

10



L; fulfills the requirements and we get an upper boundof L, = L; 1 + D;—1 < L+ E;‘;Q D; < 2L for
ali>1.

Empty space for all iterations

Empty cell initeration ¢

Figure 7: Increase in path and lower bound for empty space for D = 2

Let F; = #F(P;,Gg,). Then A; = (d;)P F; denotes the area or volume of all grid cellsin G 4, with
avertex of the path P; which is the end point of an edge with length of at least 2c+/D + 3d;. In the next
iteration near the middle in each of these cells an empty space will be generated with an area or volume of
(di+1)P (see Figure 7). Because of the locality property at most the following term of the side length of
this area or volume is subtracted

di+1 .

i (VD + VD +3)cd; < i PP+ D+ 3)ed; <% i dj_1 <

j=it+2 j=i+2 p j=i+2

W =

(o]
> i<
j—i+1

Wl
<

Hence, an empty area or volume of at |least (%)D remains after applying al clean-up procedures. Let
E; be the sum of all these areas or volumes in this iteration, then E; > F - (d"%)D =F - (%)P. 5%.
Thereforewe have A; < 3P 3P E;. Clearly, these empty areas or volumes in this iteration do not intersect
with empty areas or volumes in other iterations (since they arise in areas or volumes which were not
emptied before). Therefore al these spaces are inside the all-covering square or cube of side length 2L
yielding >°, E; < 2PLP,

Because of the long edge continuity property, edges of minimum length 2¢ /D + 3d; do not appear in
rounds later than i. Therefore, the following sum S gives an upper bound on the power of the constructed

path.
S = Z Z le|P.
i=1

ecE(P;):
2ev/D13d; <|e|<2ev/DI38d;

11



Now from the power efficiency property it follows

S < > 2PP(D+3)P28P (d)P#F (P, Ga,)
=1

= 2PP(D+3)P/287 ) (di)PF;
=1
[ee]
= 2PP(D+3)P2pP ) A,
1=1
2D3DCQ(D 4 3)D/262D Z E1',
1=1
2D3DCD(D 4 3)D/2ﬁ2DLD
2P3PcP(D +3)P/26%P (s — t))P = O(c*P(|s — 1)) .

IN

IAIA

This lemma completes the proof of the theorem. [ |

5.3 Weak Spannersare not always Power Spannersfor § < D

In this subsection we show that there exist weak c-spanners that are not (C, d)-power spanners for any
constant C' and § < D. We introduce a new fractal curve that is similar to the HILBERT Curve (see
Figure 10) to provethisclaim.

Theorem 5.10 Toany § < D, there exists a family of geometric graphsG = (V, E) with V. ¢ R” which
are weak c-spannersfor a constant ¢ but not (C, §)-power spanners for any fixed C.

Proof: Asd < D, thereisak € Rsuchthat 2 < k < (2P)'/9. We present a recursive construction
(see Figure 8 and Figure 9). Fix u! = (1/2,...,1/2) € RP. In each following recursion step j, we

replace every existing vertex u® = (ul, ..., ui) by 2P new vertices u2” (i=D+1 427 (=D)+27 with
u2” (D47 (s) = il ®p.,., d where ®@p ., defines the operator + or — With @911 = —, ®g12 =
+, ®221 =+, Q222=+, @231 =+, W232=—, ®241=—, D242 =—,

@p-1rs : T={1,...,2P71} s <D
® _ ) ®pappiigs 1 T = {27 +1,...,2P},s <D
Dyr.s + :or={1,...,2P" 1} s=D '
— : r={2P"141,...,2P},s=D

andd := 1/(2k?). Finally, we consider thegraph G; := (V;, E;) withV; := {u’ |i € {1,...,(2P)7}}
and E; := {(u',u"t") | i € {1,...,(2P) — 1}}. Theresulting graph for D = 2 after 4 recursion steps
with k& = 2.1 isgivenin Figure 8(b) (seealso Figure 9for D = 3). Letu = u' andv = u?’.

Lemma 5.11 Thegraph G; isaweak c-spanner for ¢ := % independent of ;.

Proof: We prove the claim by induction over j. For j = 1 the weak stretch factor is dominated by the
path between v and v. The distance between « and v is 1/k. The farthest vertex on the path from w to v is

u?. It holdsthat |u — u?®| < v/D/k. Hence, we get the weak stretch factor vD < % = ¢. Now
we consider G; for any j. We can divide the graph G ; into four parts G}, cee G;*. By the definition of
our recursive construction each part equals the graph G ;_; . For two verticesin one part the required weak
c-spanner property holds by induction. We have to concentrate on two vertices which are chosen from two

different parts. Since G;'. is connected to G;‘.“ it is sufficient to consider a vertex from G} and a vertex

12
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(a) Idea (b) After 4 steps (c) After 7 steps

Figure 8: Recursive construction for D = 2: the underlying idea and two examplesfor k = 2.1

from G;*. On the one hand, the weak stretch factor is affected by the shortest distance between such chosen
vertices. On the other hand, this distance is given by (see also Figure 8(a))

(3045 - 20 -g) 2= -3

(2 (2

iy k=2
2 oD

=

The entire construction lies in a bounded square or cube of side length 1, and hence we get aweak stretch
factor of at most % =c.

o

Figure 9: Our recursive constructionfor D = 3 and k = 2.1

Lemma5.12 Thegraphs G, arenot (C, §)-power spanners for any fixed C'.

Proof: It sufficesto consider the d-cost of the path from « to v. The direct link from « to v has §-cost at
most 1. For any path P from« to v in G, it holds that

DN\J
1P 2 @@ = @P-0(5)

which goesto infinity if j — oo for k < 27/9, ]
Combining Lemmab5.11 and Lemma5.12 proves Theorem 5.10. [ |
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Figure 10: Three generators and the fractal curvesthey induce dueto KocH, HILBERT and SIERPINSKI

5.4 Fractal Dimension

In this subsection we generalize the analysis used in Lemma 5.12. For this purpose we consider a self-
similar polygonal fractal curveT" asthe result of repeated application of some generator K being a polygo-
nal chain with starting point « and end point v. Thisisillustrated in Figure 2 showing agenerator (left) and
the resulting fractal curve (right part); see also [5,22]. But there are plenty of other examples: the KocH
Snowflake, SIERPINSKI's Arrowhead Curve or the space filling HILBERT Curve (see Figure 10). Recall
that the fractal dimension of I" is defined as

log(number of self-similar pieces)
log(magnification factor)

Theorem 5.13 Let K bea polygonal chain, I',, the result of n-fold application of K, and I" the final self-
similar polygonal fractal curve with dimension D 4. Then, for all § < Dy, thereis no fixed C' such that I',,
isa (C,d)-power spanner for all n.

Proof: Let p denote the number of self-similar piecesin I',, and m the magnification factor. Then by
definition, we have Dy = log(p)/ log(m). Now consider the ¢-cost of the (unique) path P inT",, fromu to
v. Sincel’,, is constructed recursively we get in the n-th step:

5 n 1\n 5 p A"
Pl = (@) = ()

Notethat || P||° is unbounded iff p/m? > 1, thatis, iff 6 < log(p)/log(m) = Dy. [ |

Thefractal dimensionsof KOCH’s, SIERPINSKI’sand HILBERT's Curvesare well-known. Therefore by
virtue of Theorem 5.13, the KocH Curveisnot a (c, ¢)-power spanner for any c and § < log(4)/log(3) =~
1.26; similarly, SIERPINSKI’s Arrowhead Curveisnot a(c, §)-power spanner for any cand § < log(3)/log(2) ~
1.58; and HILBERT's Curveisnot a (¢, ¢)-power spanner for any ¢ and § < 2. One can show that KOCH’s
Curve is a weak spanner (the proof is analogously to Theorem 3.1). However, both SIERPINSKI'S and
HILBERT’s Curves are not weak spanners as their inner vertices come arbitrarily close to each other. Fur-
ther examples for self-similar polygonal curves can be foundin [5,22].
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6 Power Spanner Hierarchy

In the following we show that for A > § > 0, a(c, §)-power spanner is also a (C, A)-power spanner with
C' depending only on ¢ and A/4. Then we show that the converseis not true, in general, by presenting
toeach A > ¢§ > 0 afamily of graphs which are (¢, A)-power spanners for some constant ¢ but not
(C, 6)-power spannersfor any fixed C'.

Theorem 6.1 Let G = (V, E) bea (c,§)-power spanner with V. c RP, 0 < § < A. Then G isalso a
(C, A)-power spanner for C' := ¢2/9.

Proof: Letu,v € V betwo arbitrary vertices. Since G is a (¢, d)-power spanner there exists a path
P=(u=mup...u =v)with||P||® = X" ju; — ui1]® < ¢ |u—v|°. Thefunction f(z) = 22/ is
convex on [0, oo[, hence we can apply JENSEN’s inequality and get

NG

-1 -1 -1
AJS
HP||A=Z:|u1:—ui+1|A =Z(|u¢—u1¢+1|6) < <Z |ui—u71+1|6> < Ay =]t

i=1 i=1 i=1

Theorem 6.2 Let 0 < § < A. Thereisafamily of geometric graphswhich are (¢, A)-power spanners but
not (C, 6)-power spanners for any fixed C.

Proof: We dightly modify the construction from the proof of Theorem 5.1 by placing n vertices u =
u1,...,u, = vonanappropriately scaled circle such that the Euclidean distance between« and v is 1 and
lv; —vip1| = (1/i)Y/% forali=1,...,n— 1. Nowinthegraph G = (V, F) with edges (v;, v;;1), the
unique path P from u to v has A-cost

n—1

IPI% = 2 /% < 3 /it =«

i=1

aconvergent seriessince A/§ > 1. Thishasto be compared to the A-cost and/or to the 4-cost of the direct
link from « to v which amount both to 1. On the other hand, the 6-cost of P is given by the harmonic series
S (1/4)%/% = ©(log n) and thus cannot be bounded by any constant C. ]

7 Applicationsin Wireless Networks

In this section we apply our results to topology control in wireless networks. Especially, we consider the
well-known sparsified Yao-graph (SparsY-graph or YY) introduced in parallel in [10, 15, 26] and show that
this graph is a power spanner. In the following we improve results presented in [11]. First, we need a
formal definition.

Definition 7.1 Let V C R? k € Nand G = (V, E) be a geometric graph. Thearea around anodew € V
is divided into & non-overlapping sectors or cones of angle § = 27 /k. \We denote the sector of « in which
anodev € V liesby <t(u, v).

e GistheYao-graphof V,if E := {(u,v) | Vw # u : <(u,v) = <(u,w) = |u—v| < |[u—w|}.

e G isthe SparsY-graphof V, if E := {(u,v) € E(G) | Vw # u : ((w,v) € E(G) and <(v,w) =

<(v,u)) = |u —v| < |w — v|} where G denotes the Yao-graph of V.

e G isthe SymmY-graph of V, if £ := {(u,v) € E(G) | (v,u) € E(G)} where G denotes the
SoarsY-graphof V.
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A lot is known about the Yao-graph and its variants, an overview is given in [24]. In the SparsY-graph
every node tries to build up an edge (or a connection) to the nearest neighbor in each sector, but a node
accepts only the shortest ingoing edge (or connection) in each sector. It is an open problem wether al
SparsY-graphs are c-spanners for a constant ¢. In [11] it was shown that all SparsY-graphs are c-power
spannersfor k£ > 120. We show that all SparsY-graphs are c-power spannersfor k£ > 6.

Lemma7.2 LetV C R? and k > 6. Consider two vertices u, v, thenfor all w € V with |u — w| < |u—v|
and <(u, w) = <((u,v) it holdsthat |u — w| + |w — v| < |u —v| + 2sin (7/k)|u — v|.

Proof: Let w’ be the point on the line segment uv with |u — w’| = |u — w|. Then jw’ — v| = |u —
v| — Ju —w'| = |u—v| — Ju — w| and therefore |u — w| = |u — v| — |w’ — v|. Furthermore, we have
|w —w'| < 2sin(7/k)|u—v| and jw —v| < |w —w'| + |w’ — v|. Combining the facts yields the claim. m

First, we provethat all SparsY-graphsare weak c-spanners when more than 6 sectors per node are used.

Theorem 7.3 Let V C R? and k > 6. Then all SparsY-graphs are weak c-spannersfor ¢ = #n(ﬁ/k)
Proof: Let G = (V, F) bethe SparsY-graph and Gy = (V, Ey') be the underlying Yao-graph. For any
two vertices u, v € V we will show how to find a directed path from « to v in the SparsY-graph that is
inside adisk with center « and radius |u — v|/(1 — 2 sin(w/k)).

For a sector 4, define the Yao-neighbor w of the vertex « as the (unique) vertex w with (u,w) € Ey.
Now if « has no directed edge in a sector 7 in G, then either the sector is empty, i.e. there is no edge
in the Yao-graph, or there is a Yao-neighbor w in sector i, i.e. (u,w) € Ey. Inthe second case there
must be another vertex w’ in another sector of «, but in the same sector of w as u, with (w’, w) € E and
|w —w| < |u—w|and |u — w'| < |u—w|sincek > 6, see Figure 11 (left). Note that « has at |east one
nearest neighbor w” inasector, i.e. 3w” € V : (u,w”) € E. Thisisthe vertex w” € V with the shortest
Euclidean distance to u.

P(qo,v)

Figure 11: Weak spanner property of the SparsY-graph

Now we recursively construct the path P(u,v) from u to v using some of the Yao-neighbors of w.
An example of such a path is given in Figure 11 (right). If (u,v) € E then P(u,v) = (u,v), ifu = v
then P(u,v) = (u = v). If in sector i = <(u,v) the Yao-neighbor, called gy, is not directly connected
to u. Then we know that there exists an edge (po, o) € E, where py isin a sector i1 # iy of v and
|u — po| < |u — qo| Since k > 6. Furthermore, we have that |u — qo| < |u — v|. Then we repeat this
consideration for the sector ¢, and replace py by v. This iteration ends when a Yao-neighbor ¢,,, or p,, is
directly connected to u, i.e. (u,qm) € E or (u,p,,) € E. Because every node has at |east one neighbor in
E this process terminates.

Now we recursively define the path P (u, v) from « to v that terminates at node g ,,, by

P(U,U) = (u7qm) o P(vapm—l) o (pm—17Qm—1) 0...0 P(tho) o (p07QO) o P(quU)'
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For p.,, the path can be defined analogously: we replace (u, ¢,,) by (u, pm) © (Pm, ¢m ). Notethat all nodes
pi, q; are inside the disk with center v and radius |u — v|, see Figure 11 (right). Furthermore, we have
lgi — pi—1| < |u — v|. Inthe next recursion step, i.e. if we assume that the same construction works for
al P(q;,pi—1), vertices of the path may lie outside of this disk. However Lemma 7.2 implies that the
maximum disk amplification of this recursion step can be bounded by 2 sin( %) |u — v[. Now let » be the
depth of the recursion, then by

S (o (5)) e = gy e

it follows, that the path P(u,v) from u to v lies completely inside the disk with center « and radius
lu —v|/(1 = 2sin(%)). [ |

Now, we can apply our results on the relation between weak spanners and power spanners and get the
following corollary.

Corollary 7.4 Let V c R? and k > 6. Then all SparsY-graphsare c-power spanners for a constant c.

Proof: We combine Theorem 7.3 and Theorem 5.6 and the claim follows directly. [ |

8 Conclusions

In thiswork we investigated the relations between spanners, weak spanners, and power spannersfor V' C
RP for any constant D. The results are summarized in Table 1. An entry in the table should be read from
|eft to right downwards, e.g., every c-spanner isa (c?, §)-power spanner). For § > D it turns out that being
a spanner is the strongest property, followed by being a weak spanner and finally being a (¢, 6)-power
spanner. For 1 < ¢ < D, spanner is still strongest whereas weak spanner and (¢, ¢)-power spanner are not
related to each other. For 0 < § < 1 findly, (¢, d)-power spanners are both spanners and weak spanners.
All stretch factors in these relations are constant and are pairwise polynomially bounded.

c-spanner ¢ ¢ (c?,6)
(o(c29+6/(1 —279), D+ e)
weak c-spanner (unbounded) c (O(c*P), D)

(unbounded, D — ¢)
(c,6)-power spanner || (unbounded) | (unbounded) |for A >¢§: (c2/9 A)
for A < §: (unbounded, A)

isa -spanner | -weak spanner -power spanner

Table 1: Our results on the relations between spanners, weak spanners and power spanners

Although our results are exhaustive with respect to the different kinds of geometric graphsand in terms
of ¢, one might wonder about the optimality of the bounds obtained for C’s dependence on ¢; for instance:
any c-spanner isa (C, §)-power spanner for C = ¢°,§ > 1; and thisbound is optimal. But is there some
C = o(c*P) such that any weak c-spanner is a (C, §)-power spanner aslong as§ > D ? Is there some
C = o(c*P) such that any weak c-spannerisa (C, §)-power spanner ?

Simulations[15,23,26] indicate that the Yao-graph aswell asits variants are spanners on random vertex
sets in which the vertices are placed uniformly at random. We used our results on the relations between
spanners, weak spanners, and power spanners to show that the SparsY-graph is aready a power spanner
when more than 6 sectors are available per node. In [16] we have shown that weak spanners are also
suitable for congestion optimal wireless network topol ogies and hence we have another application.
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