Algorithm Theory 2008/09
Poposal for a solution of exercise sheet 3
Nov 12, 2008

TASK 1

1. Specify all primitive 8-th roots of unity.

From the cancellation lemma follows that {w?, w?, wge, wS} equals the 4-th

roots of unity. Therefore they are not primitive 8-th roots of unity. The other

roots {wi, w3, w3, wi } are primitive as the following table shows.

T 12 Ig ZU4 fL‘5 CL’ﬁ .T7 ./Eg
1 2 3 4 5 6 7 8 _  ,0 _
wg#l wgyél w?;«él wi;«él wgyél wg#l wgyél wg—w%—

2. Calculate the product of p(x) = 3z — 1 and ¢(z) = 2z + 5.

(a) Compute the FFT of p(x) and ¢(z).

DFT,(p)
FFT([-1,3],2) forn =4
OM—FFTQJ)

dV = FFT(3,1) = 3

w=1k=0

dy=dO% +wdl = —-1+3=2
dy = d" —wdll = -1 -3 =4
w=emMt 1 =4 k=1

di = dO +wd" = -1+ 3i

dy = dlO —wdll = -1 — 34



DFT,(q)
FFT(]2,5],2) forn =4
d = FFT(5,1) =5
dV = FFT(2,1) =2
w=1k=0
dy=d+wd=5+2=7
dy=d" +wdll =5—-2=3
w=et 1= k=1

dy = d% + wdV =5+ 2

ds = d° + wdll =5 —2i

We calculate DFT,, because pq is of degree 4.

(b) Give the point-value representation of pq at the k-th roots of unity for
an appropriate choice of k.

DFT,(p) DFTy(q)

i wi plwy) q(wh) pq(wh)
0 1 2 7 14

1 i —143i 542 —11+13i
2 1 -4 3 ~12

3 i —1-3i 5-2 —11—13i

Point value representation:
{(1,14), (¢, =11 + 13i), (=1, —12), (=i, —11 — 134)}

(c) Compute the interpolation by using the FFT algorithm

(r(wi), r(@i), r(wi), r(ws))
(r(1),7(wi), r(wi), r(wi))

y = [pg(w}), pa(w}), pg(wi), pa(wy)] = [14, =11 — 13i, —12, —11 + 13i]
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Note, that we have to re-order the input for the FFT.



d% = FFT([14,-12],2)
= (FFT([14],1) + FFT([-12],1), FFT([14],1) — FFT([-12],1))
= (2,26)

dV = FFT([—11 — 13i, —11 + 13i],2)
= (FFT([-11 - 13d],1) + FFT(-11 + 13i],1), ...)
= (—22, —26:)

w=1,k=0

do = d¥ + wdl =241 (—22) = —20
dy =dY —wd =2 —1.(-22) =24
w=e¥Mt 1 =4 k=1

dy = d + wdl! =26 4 - (—260) = 52
dy = d” — wd =26 — i - (—261) = 0

DFTy(r) = (—20, 52,24, 0)
a = 1DFTy(r) = (~5,13,6,0)
pq(z) = =5+ 13z + 62% + 02°

(d) Check the correctness of the result.
pq(z) = 3x —1)(2z +5) = 622 + 132 — 5



