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Polynomials

Polynomials p over real numbers with a variable x

p(x) =ax"+ ... +ta;x" + a,

ap,...,a,€ R, a, = 0. coefficients of p

n = degree of p: highest power of x in p

Example:
p(x) = 3x3 — 15x2 + 18x

Set of all polynomials over real polynomials: R/x/
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2. Operations on Polynomials

P.qER[x]

plx)=ax"+...+ax +a,
glx)=bx"+...+bx" +b,

1. Addition

p(x)+q(x)= Eax +...+a, )+€bx +.

a +b )x+ a+b)x (Oa+b)
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Operation on Polynomials

2. Multiplication
plx)g(x)=(ax"+...+a bx" +...+b,)

=c, X" +...+cXx +c¢,

¢ » Which monomial products have degree i ?

=c =yab  i=0,..2n.
j=0

a =..=a, =0b =..=b =0

n+l 2n

Polynomial ring R[x]
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Operation on Polynomials
3. Evaluation at x,: Horner-Schema
p(x0)= (...(azn)c0 + an_l)xo +...+ al)xo +a,

Runtime: O(n)

Rechnernetze und Telematik
Albert-Ludwigs-Universitat Freiburg
Christian Schindelhauer

Algorithms Theory 6
Winter 2008/09




Representations of Polynomials
p(x) € RIx]
Possible representations of p(x):

1. Coefficient representation

px)=ax' +...+ax +a,

Example:
3 2
p(x)=3x" -15x" +18x
: Rechnernetze und Telematik
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Representations of Polynomials

2. Root representation
p(x) € RIx]

p(x)= an(x — X, )(x —xn)
Beispiel:

p(x)=3x(x-2)x-3)
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Representations of Polynomials

3. Point-value representation

Interpolation lemma

Any polynomial p(x) over R[x] of degree n is uniquely defined by n+1
pairs (x;, p(x;)), where i = 0,...,n and x;= x; fur i = j

Beispiel:

The polynomial

p(x)=3x(x-2)x-3)

is determined by the point-values (0,0), (1,6), (2,0), (3,0).
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Operations on Polynomials

p, g € R[x], Grad(p) = Grad(q) = n

= Coeffient representation
Addition: O(n)
Product: O(n?)
Evaluation at x,: O(n)

= Point-value representation

pP= (XO’yO)’(xl’yl)""7(xn’yn)

q = (XO,ZO )9(x1az1 )""’(xn’Zn)
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Operations on Polynomials

Addition:

p+q = (x()’yo +ZO)’(xl’yl +Zl)"°"(xn’yn +Zn)
Runtime: O(n)

Multiplication:

P 9= (xo,yo- ZO)’(xi’yl ' Z, )"”’(xn’yn ' Zn)
(Condition: n = degree(pq))

Runtime: O(n)

Evaluation at x":
Convert polynomial to coefficient representation
(Interpolation)

Rechnernetze und Telematik
Albert-Ludwigs-Universitat Freiburg
Christian Schindelhauer




Polynomial Multiplication

Multiplication of two polynomials p, q of degree < n

p.q of degree n-1, n coefficients
Evaluation:
valuation XosXiseees Xy, |
2n point-value pairs (xi,p(xi )) and (xl.,q(xi ))

Pointwise multiplication

2n point-value pairs (xl,, pq(xi ))

l Interpolation

pq of degree 2n-2, 2n-1 coefficients
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Divide and Conquer Approach

Idea: (for even n)

n-1

plx)=a,+ax+...+a, x

n-2

. 2
=a,ta,x"+...+a,,x "+

n—1

ax+ax’ +..+a,_x
2 2 n—2)/2
=a,ta,x +...+a, ,\x +
2 2 n—2)/2
xX\a,ta;x" +...+a,_\x

= pO(x2 )+ xpl(xz)
po(x) = ag + apz + ... + ap_ox("=2)/2
p1(z) =a1+azz+ ...+ an_lx(”_Q)/Q

Select zq,...,x9,_1 such that the computa-
tions of p(xy) and p(xy4,,) are almost identical.
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Representations of p(x)

Assume: degree(p) <n

3a. Values of the n powers of the principial nth root of unity
.. = e2mi/n

n

=1 e2mio]

Power of w, (roots of unity):
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W,

3 A
W, (x);

4
W, - > (1);) =1

5 7
W, y W,

6

W,
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Discrete Fourier Transform

The values p(w,/) uniquely define p if degree(p)<n.
Discrete Fourier Transformation (DFT)
DFT(p)=(p(@; )} p,}....p"))

Example: n=4

e” =cosx +isinx

w, =e” =cos(0) +isin(0) = 1

w, = ™" = cos(m /2) +isin(mw /2) = i

W, = (ezm/“) = COST +isinyw = -1

W, = (ezni/4) = cos(3n /2)+isin(3n /2)=—i
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Evaluation at the Unity Roots
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Evaluation at the Unity Roots

p(x)=3x"-15x" +18x

(), pl@))) = (1 p(1)) = (L6)

(@, ple2})) = (i p(i) = (i 15 + 15i)
(2}, p@})) = (-1, p(-1)) = (-1, -36)
(), A})) = (i, /1)) = (- 15-150)

DFT (p)=(6,15+15i,-36,15-15i)
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Multiplication of Polynomials

Computation of the product of p and g of degree < n
p.q of degree n-1, n coefficients

0 1 2n-1

5, s W

2909y,

l Evaluation: )

2n point-value pairs ((n;n,p(w;n )) and ((u;n,q((o;n ))

l Pointwise multiplication

2n point-value pairs (m;n,pq(w;n ))

l Interpolation

pq of degree 2n-2, 2n-1 coefficients
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Properties of the Unity Roots

2n-1

0 1
®, W, ,...,0,

form a multiplicative group

Cancellation lemma
Foralln>0,0<k=<n,and d > 0 we have

dk k
W =W
n n
Proof:
m dk ezmdk/(dn) eZm’k/n m k
dn n
Therefore:
n 1
' =w. =-1
2n 2
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Discrete Fourier Transform

DFT (p)=(p, ) r(,).... pl"))

Fast Fourier Transform:

Computation of DFT,(p) using Divide-and-Conquer
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Discrete Fourier Transform

Idee: (for even n)

n-1

plx)=a,+ax+...+a,_x

n—-2 +

-1

=a,+a,x’+...+a,_,x
ax+ax +..+a,x"
2 2 n—2)/2
=a,+a,x’+...+a,\x +
2 2 n—2)/2
x\a, +a;x" +...+ an_l(x
= po(x2 )+ xpl(xz)

(n-2)/2

p(x)=a,+ax +...+a_x

(n=2)/2

p(x)=a +ax+..+a_x
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Discrete Fourier Transform

Evaluation for k=0, ..., n-1

<

po(a):/z )+ a):pl (a):/zl

po)=p (@ o)) = k<l

k k—n/2
pO(a)n/2 )+ a)npl(a)n/Z )

iftk>n/2
DFTa(p) = (po(w)0),- - polwnss ) po(wn),- - po(wnls )
+ @1 (0), - wn 2 @S, W pa(wd)0), Wi T hpr (W)

. Rechnernetze und Telematik
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Discrete Fourier Transform

Example:
p@,)=p,(,)+w,/p®,)
p,)=p,®,)+0,p ,)
p(;) = p,(®,) +w,p )

p(,) = p,(w,)+0,p (0,)

. Rechnernetze und Telematik
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Computation of DFT,

DFT (p) =(p(,) p,).... ("))

Simple case: n =1 (degree(p) =n-1=0)
DFTi(p) = ag
General case :
Divide:
Divide p in p, and p;

Conquer:
Compute DFT, ,(py) and DFT, »(p,) recursively

Merge:
Compute for k=0, ..., n-1:
DFTn(p)k - (DF];/z(po)aDFT;/z(po))k +

o, XDFT, .(p,),DFT, .(p,)),
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Further Improvement

k

Dy (wn/2)+ a),]fpl(a):/z) if k< n/2
p;)=

k—n/2

‘Po(mn/z )"‘ w:pl(a):/_zn/z) ifk>n/2

po(w:/2)+ a):pl(a):/z) if k< n/2

po(a):/—zn/z)_w:—n/zpl(w:/—zn/z) Fhk>n/2

renee TEEIE )+ 0lp),)= po))
P, ((D:/z )_ (D::pl ((D:/z )= p(w:m/Z )
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Further Improvement

Example:
p@,)=p,(,)+w,/p®,)
p,)=p,®,)+0,p ,)
p@;)=p,(0))-w,p®,)

p((l):) = po(w;) _(‘Oéllpl(m;)

. Rechnernetze und Telematik
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fehlt

Fast Fourier Transform

Algorithm FFT

Input: An Array a with n coefficients of a polynomial p
and n = 2k

Output: DFT (p)

1. if n =1 then /* p ist constant */
2. return a
3. dl = FFT([a, ay, .- , @,.0], N/2)
4. d''=FFT([a,, ay, ..., a,.4], n/2)
5. W, = @2ni/n
6. w=1
7. fork=0ton2-1do /* w=w/,X ¥
8. d,=d{l+wxd}
9. d,,,,=d"-wx
10.0 =0,
11.return d
Algorithms Theory Rechnernetze und Telematik
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FFT : Example

p(x)=3x3 —15x> +18x+0
a=|[0,18, -15, 3]

al’l = [0, -15] alll = [18, 3]

FFT([0, -15], 2) = (FFT([0],1) + FFT([-15],1), FFT([0],1) - FFT(-15],1))
= (-15,15)

FFT(18,3],2) = (FFT(18],1) + FFT(3],1), FFT([18],1) - FFT(3],1)
= (21,15)

k=0;m =1

dy=-15+1*21=6 dp=-15-1"21= -36

k=1;w=i

d, =15 +i*15 dz=15-1i"15

FFT(a, 4) = (6, 15+15i, -36, 15 —15i)
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Analysis

T(n) = running time for evaluating a polynomial of

degree< n at n positions ®, ,®, ,...,0."
T(1) =0(1)
T(n) =2 T(n/2) + O(n)
= O(n log n)
: o S e
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Polynomial Multiplication

Compute the product of two polynomials p, g of degree < n:

p,q of degree n-1, n coefficients

. ) 0 1 2n-1
Evaluation by FFT: ,,,0,,,...,0,,

2n point-value pairs (@ , p(a)z)) und (a)z,q(a)z))
l Pointwise multiplication
2n point-value pairs (@. , pg(w! )

l Interpolation via FFT

pg of degree 2n-2, 2n-1 coefficients
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Interpolation

Convert the point-value representation into coefficient
representation.

Input: (Xo, Yo)s--+s (Xn-15 Yn-1) Mit X; = Xx;, flir alle i = j

Output: Polynomial p with coefficients a,..., a,,.;, such that

n-1
P\X, ) =4, + ax, +...+ an_lx}?_l =Y,
P\X, =a0+a1xl +...+Cln_1)C1 ; =),
plx,)=a,+ax,+...+a,_x; =y,

-1

p(xn—l ) = aO + alxn—l T...t an—lxn—l = yn—l
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Matrix notation:
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n—1

Interpolation

0

n—1

x:—_ll )\an—l )

32

Y

(¥, )

\ Y1/
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Interpolation

System of equations

1 x - x| q b2

n—1

A X o 5 AT ) W)
solvableif x; # x, foralli= j.

Special Case (here) : X, = UO

Definition: |/ = ((of )i,j, a= (ai); y= (y)

-1
Va=y = a=V"y
. Rechnernetze und Telematik
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Interpolation

Theorem
Forall0 </, j<n-1we have

Ly o)
V) ==
n. /i
n
Proof
—ij
V—l . a)n
=
n .
l,]
We have to show:
vV, =1,
Algorithms Theory 34
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Interpolation

Consider the entry of ¥ 'V, in line i and column ; :

-1 .
v:'v,), =
/ N 1 )
1 o oD | - a)’{
n n n 0)3 7
(n-1)j
\ /\' * a)n J )y

. Rechnernetze und Telematik
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Interpolation

Case1:i=j

Case 2:/ #],
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Interpolation

Summation lemma:
For any integern>0, />0 withn / I:

n—1
k
@, =0
k=0
Proof:
o o) -1 ') -1
w, | = l | = l 1 —
k=0 ., @,
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Interpolation

':(Vn—ly)i
(J’O )
(1o ") x
n n’ n o
Kyn—lj
n—1 w—ik
ZZ}’k -
k=0 n
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Interpolation

1 -1 o\ 77l 1\ n-l —(n-1) \£
1= £, En ) - Eno))
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Interpolation and DFT

0= 00 1o o)

a=%(r(u,’f)r(n:'l)...,r(ui)) since @/ =1

0, =(DFT,(-),,  (i=0)
n

1
4 =;(DF7-;1(F))O
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Polynomial Multiplication

Compute the product of two polynomials p, g of degree < n:

p,q of degree n-1, n coefficients

. 0 1 2n-1
Evaluation by FFT: 0)2,,,0)2,,,---,0)2:

2n point-value pairs (@;,, P(®;,)) und (@,,.9(@,, )
l Pointwise multiplication

2n point-value pairs (@. , pg(w! )
l Interpolation via FFT

pq of degree 2n-2, 2n-1 coefficients
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